Background: Relativistic treatments of quantum mechanical systems are important for understanding hadronic structure and dynamics at sub-nucleon scales. Relativistic invariance of a quantum system means that there is an underlying unitary representation of the Poincaré group. This is equivalent to the requirement that the quantum observables (probabilities, expectation values and ensemble averages) for equivalent measurements performed in different inertial reference frames are identical. Many different representations are used in practice, including Poincaré covariant forms of dynamics, representations based on Lorentz covariant wave functions, Euclidean covariant representations and representations generated by Lorentz covariant fields.
I. INTRODUCTION
Relativistic quantum mechanical models are important for modeling hadronic structure. Experiments using electromagnetic and weak probes are designed to investigate the structure of hadronic targets. The relevant theoretical quantities are matrix elements of current operators between initial and final hadronic states in different inertial frames. The finer the resolution of the probe, the larger the momentum difference between the initial and final hadronic states. First principles calculations of the initial and final hadronic wave functions with quantifiable errors are challenging, especially when they are needed in different inertial frames. Relativistic models of the hadronic states provide a consistent treatment of initial and final states in different inertial reference frames.
There are many different formulations of relativistic quantum mechanical models. In this work the relation between different quantum mechanical descriptions of relativistic particles is systematically developed. In order to take advantage of the relations discussed in this work it is necessary to first have a dynamical model. While it is beyond the scope of this paper to discuss dynamical models, typical relativistic wave functions are matrix elements between an interacting relativistic state and a non-interacting relativistic basis state. For example, in describing a nucleus as a system of constituent nucleons, the nuclear state is the solution of a dynamical equation expressed in a basis of free nucleon states. In this work the focus is on deriving the relation between different relativistic descriptions of these particle states. This applies to both the interacting relativistic states and the relativistic free-particle basis states.
In 1939 Wigner [1] showed that the relativistic invariance of a quantum system is equivalent to the requirement that there is a unitary ray representation of the Poincaré group on the Hilbert space of the quantum system. This is the mathematical formulation of the physical requirement that quantum observables (probabilities, expectation values and ensemble averages) for equivalent measurements performed in different inertial reference frames are identical. Physically this means that equivalent quantum measurements in isolated systems cannot be used to distinguish inertial
In what follows the space and time coordinates of events are labeled by components of a four vector
The convention for the Lorentz metric tensor is 
and repeated indices are assumed to be summed. This choice of metric is natural for developing the relation with Euclidean representations. Poincaré group is the group of point transformations that preserve the proper time between events:
The general form of a point transformation, x ′µ = f µ (x), that preserves (3) is
where a µ and Λ µ ν are constants and the Lorentz transformation Λ µ ν satisfies
These relations can be derived by differentiating
with respect to x, setting x to 0, and then doing the same with y. In matrix form equation (5) has the form
which indicates that Λ is a real orthogonal transformation with respect to the Lorentz metric. Equations (4) and (7) are relativistic generalizations of the fundamental theorem of rigid body motion which asserts that any motion that preserves the distance between points in a rigid-body is a composition of an orthogonal transformation and a translation. Equation (7) implies that
It follows from (8) that the Lorentz group has four topologically disconnected components distinguished by det(Λ) = 1 Λ 
The component with det(Λ) = 1 and Λ 0 0 ≥ 1 contains the identity and is a subgroup. These Lorentz transformations are called proper Lorentz transformations. This subgroup is the symmetry group of special relativity. The other three components involve space and/or time reflections, which are not symmetries of the weak interaction. In what follows all Lorentz transformations will be assumed to be proper transformations unless otherwise specified.
The requirement that quantum observables are independent of inertial coordinate system requires that equivalent states in different inertial coordinate systems are related by a unitary (ray) representation of the proper subgroup of the Poincaré group. The Poincaré group has ten infinitesimal generators that can be expressed as components
The Pauli-Lubanski vector is the four-vector operator defined by
The Lie algebra has two independent polynomial invariants
When the spectrum of the mass operator, σ(M ) > 0, is positive spin operators are defined by
where B −1
x (P/M ) µ ν is a matrix of operators that transform P µ to (M, 0, 0, 0):
A standard choice is the canonical (rotationless) boost B c (P/M ) defined by
The subscript x indicates that both B x (P/M ) and j x are not unique since for any P -dependent rotation R xy (P/M )
gives another matrix of operators with property (20) ; however for any choice (x) the Poincaré commutation relations imply
It follows from (19) that the different spin operators are related by
The rotation
is called a generalized Melosh rotation [16] . The interpretation of j x is that it is the spin that would be measured in the rest frame of a particle if it was Lorentz transformed to the rest frame with the Lorentz transformation B −1
x (P/M ). This provides a mechanism to compare spins in different inertial frames. Different kinds of spin arise because products of rotationless Lorentz boosts can generate rotations. This means that the spin measured in the rest frame depends on the Lorentz transformation to the rest frame. Note that in spite of the 4 indices in (26), the spin is not a 4-vector. This is because B −1 (19) is a matrix of operators. The spin can alternatively be expressed as
which can be interpreted as the angular momentum in the particle's rest frame, which again depends on the Lorentz transformation used to get to the rest frame.
Representations of the Poincaré group can be built up out of irreducible representations. The classification of the irreducible representations depends on the spectrum of invariant operators M 2 and W 2 and the sign of P 0 . Wigner [1] classified six classes of irreducible representations by the spectral properties of P 2 and P 0 :
The physically interesting representations for particles are the ones with −P 2 = M 2 > 0, P 0 > 0 (I) and P 2 = 0, P 0 > 0 (IV) which are associated with massive and massless particles respectively. The irreducible representations are induced from a subgroup that leaves a standard vector invariant in each of these classes.
III. POINCARÉ COVARIANT POSITIVE MASS UNITARY IRREDUCIBLE REPRESENTATIONS
For a particle of mass m > 0 the mass, spin, and three components of the linear momentum, and one component of j x are a maximal set of commuting self-adjoint functions of the infinitesimal generators of the Poincaré group. The standard vector can be taken as (m, 0, 0, 0). The rotation group is called the little group for these representations because it leaves the standard vector invariant. The mass and spin 2 eigenvalues are fixed and label an irreducible subspace. Basis vectors can be taken as simultaneous eigenstates of this maximal set of commuting operators
In what follows the normalization convention
is used. The eigenvalue spectrum of both p and j x ·ẑ is fixed by j and group properties (p can be boosted to any real value, and the spin components satisfy SU(2) commutation relations (24)). An irreducible unitary representation of the Poincaré group in this basis can be constructed by considering the action of elementary Poincaré transformations on the rest, (p = 0), eigenstates. On these states rotations can only affect the spin variables since they leave the rest four-momentum (standard vector) unchanged. The total spin constrains the structure of the transformation -it must be a 2j + 1 dimensional irreducible unitary representation of SU (2):
where (see the Appendix)
are the 2j + 1 dimensional unitary representations of SU (2) in the |j, µ basis where
Here σ 0 is the 2 × 2 identity and σ σ σ are the Pauli spin matrices. The Wigner function D[R] is a degree 2j polynomial in the components of R. It follows from (32) that
. Space-time translations of the rest state introduce a phase
while Lorentz boosts are unitary operators that change the rest vector to p µ = ( m 2 + p 2 , p). A different type of spin is associated with each type of Lorentz boost. The x-spin is the spin that is unchanged when the basis vector is transformed to a rest vector with the inverse boost B −1
x (p/m). The following definition is consistent with the requirement that the x-spin is unchanged when transformed to the rest frame with the inverse boost B −1
x (p/m):
where ω m (p) := m 2 + p 2 is the energy of the particle. The Jacobian is chosen to make the boost unitary for states with the normalization (30). This can be seen by considering the Lorentz invariant measure
= dp
where p ′ = Λp. It follows that I = |p dp p| = |p ′ dp ′ p ′ | = |p dp dp ′ dp
which leads to the identification
A general unitary representation of the Poincaré group on any basis state can be expressed as a product of these elementary transformations on rest states using the group representation property:
is called a spin x Wigner rotation. The final result is the mass m spin j irreducible unitary representation of the Poincaré group in the momentum-spin-x basis:
Since U (Λ, a) is defined as a product of unitary transformations, it is unitary. The momentum labels can be replaced by any three functions, f (p) = f (p, m), of the four momentum p µ and the spins can be replaced by any type of spin. These replacements correspond to choosing a basis using a different set of commuting observables. Each replacement is just a unitary change of basis. The general form of the change of basis transformation is
Combining this with (39) gives the resulting unitary representation of the Poincaré group in the transformed basis
There are four cases that are commonly used. They are distinguished by having some simplifying properties:
these choices are associated with an instant, point, front-form, [2] or Jacob-Wick helicity dynamics [11] . The boost B c (p/m) is a rotationless boost, B f (p/m) is a light-front preserving boost, and B h (p/m) is a helicity boost. These choices lead to different spin observables. The different types of boosts will be defined later. The first three cases are distinguished by the choice of a kinematic subgroup. The kinematic subgroup is the subgroup of the Poincaré group where Λp(f ) · a, B ∂f (p) are all independent of m. Since the transformations that relate these representations (42) involve the mass, they will generally have different kinematic subgroups. The choices (44-46) have the largest kinematic subgroups. Kinematic subgroups are useful in dynamical theories because transformations, (Λ, a), in the kinematic subgroup can be computed exactly without having to diagonalize the mass and spin operators using
Explicit forms of the unitary irreducible representations of the Poincaré group in each of these bases are given below
(instant form)
(front from)
(point form)
(Jacob-Wick form). These bases are called instant-form, front-form, point-form, and Jacob Wick helicity bases.
In the instant-form case the kinematic subgroup is the six-parameter three-dimensional Euclidean group. In the point-form case, the kinematic subgroup is the six parameter Lorentz group, and in the light-front case the kinematic subgroup is the seven parameter subgroup that leaves the plane x + = x 0 + x 3 = 0 invariant. The light-front boosts have the distinguishing feature that they form a subgroup -so light-front Winger rotations of light-front boosts are the identity. The light-front representation has the largest kinematic subgroup. It is a natural representation for deep inelastic scattering.
The canonical boost has the distinguishing property that the Wigner rotation of a rotation is the rotation. This property is unique to the canonical boost and is useful for adding angular momenta. Both the point-form and instant-form representations use canonical boosts to define the spins.
The helicity boost has the property that the Wigner rotation of any Lorentz transformation is a phase. The helicity spin is related to the canonical spin by [17] j h ·ẑ = j c ·p.
These are the most commonly used Poincaré covariant representations of single-particle states. They are equivalent representations of a free mass m spin j particle. They are related by the unitary transformations (42). These unitary equivalences also apply to dynamical theories after the mass and spin are diagonalized.
These representations are the closest representations of single particle states to non-relativistic representations, but they are not the only representations used to describe relativistic particles. In addition to these there are representations that are manifestly Lorentz covariant and representations that are also Euclidean covariant. In order to understand the relation of these representations to the Poincaré covariant representations constructed in this section it is useful to introduce the group SL(2, C), of complex 2 × 2 matrices with unit determinant, which is the covering group of the Lorentz group. The relation between SL(2, C) and the Lorentz group is analogous to the relation between SU (2) and the rotation group SO(3). It will be developed in the next section.
IV. SL(2, C)
In order to motivate the connection of SL(2, C) with the Lorentz group it is useful to represent space-time coordinates by 2 × 2 Hermitian matrices
The inverse is
which follows from properties of the Pauli matrices
The determinant of X is the square of the proper time:
Taking complex conjugates of (54) gives
This will be equal to x µ if and only if X = X † . It follows that any linear transformation that preserves both the Hermiticity and the determinant of X must be a real Lorentz transformation.
A general linear transformation of the matrix X has the form
Hermiticity of X ′ requires
for any Hermitian X. If X is set to the identity this becomes
Using (62) in (61) gives
This means that for any Hermitian X
Since this must be true for X = σ µ and any complex matrix can be expressed as M = m µ σ µ , it follows that C commutes with every complex 2 × 2 matrix, so it must be proportional to the identity, C = cI, with a real constant c (by Hermiticity). This leads to the relation
The condition on the determinant requires
The magnitude of c can be absorbed into the matrices by redefining
The (-1) changes the sign of all components of X so it corresponds to a space-time reflection, which is not in the proper subgroup of the Lorentz group (the component connected to the identity). It follows that
The determinant could be allowed to have a phase, but the † will cause the phases to cancel, so there is no loss of generality in choosing the determinant to be 1. It follows that any SL(2, C) matrix A defines a real proper Lorentz transformation by
General form of A A general invertible complex 2 × 2 matrix can always be expressed in exponential form
The requirement that
holds for m 0 = nπi. This gives
where z is a complex vector. The minus sign can be absorbed in z since
for any unit vectorâ, so a general A ∈ SL(2, C) has the form
Note that both A and −A have determinant 1 and lead to the same Lorentz transformation since the (-) signs cancel in
This is the same behavior exhibited by SU (2). Finally note that A(z) = e z·σ maps the complex plane into SL(2, C), so any path in SL(2, C) is parameterized by a path in the complex plane that can be contracted to the identity, which implies that SL(2, C) is simply connected.
Polar decomposition -generalized Melosh rotations and canonical boosts

SL(2, C) matrices A have polar decompositions
where (AA † ) 1/2 and (A † A) 1/2 are positive Hermitian matrices and (AA † ) −1/2 A and A(A † A) −1/2 are SU (2) matrices. Define
Equation (76) implies that a general SL(2, C) matrix A has decompositions of the form
The positive Hermitian SL(2, C) matrices have the form
while the unitary SL(2, C) ones have the form
The factor of 1/2 is a convention motivated by the 4 × 4 matrix representations of the Lorentz group. The Lorentz transformation Λ µ ν is related to the SL(2, C) matrix A by
It can be computed for both real and imaginary z. In the positive case it is a rotationless or canonical boost. In the unitary case it is a rotation. SL(2, C) representatives of canonical boosts are given by:
This A has the property that it transforms (m, 0) to
which represents a Lorentz boost with rapidity ρ ρ ρ defined bŷ ρ ρ ρ =p =v (85) and
with
The inverse of a canonical boost can be computed by reversing the sign of p or v orρ ρ ρ
This is NOT true for a general boost. Note that in all of the above expressions for the boosts, v 0 or p 0 represent "on-shell" quantities.
Finally an important observation in what follows is
where p 0 = m 2 + p 2 . This is a square of the Hermitian matrix, e ρ ρ ρ·σ σ σ/2 , so it is a positive Hermitian matrix.
Inequivalence of conjugate representation:
SL(2, C) matrices have some important properties. Both SL(2, C) and the complex conjugate representation are representations, but they are inequivalent. This means that there is NO single similarity transformation S that relates the two representations
for all A. To show this note that if (94) holds it follows that for A = e 1 2 z·σ σ σ that
for all complex z. This can be rewritten
For the special case that z = iy is pure imaginary this becomes
This is because σ 2 is imaginary and anti-commutes with σ 1 and σ 2 . Thus for imaginary z, S = σ 2 C where C is a matrix that commutes with σ σ σ. The only matrix commuting with all of the Pauli matrices is a constant multiplied by the identity. It follows that S = cσ 2 and S −1 = c −1 σ 2 . The constant factor can be taken as 1 since it does not change the overall similarity transformation. For real z this requires
which is NOT true for σ 1 and σ 3 . This shows that in general there is NO S satisfying
for all A ∈ SL(2, C), however it was demonstrated that
for all A = R ∈ SU (2). Equation (100) is special case of the general property of SL(2, C) matrices
Equations (99) and (100) mean that while SU (2) representations are equivalent to the complex conjugate representations, this relation is not true for SL(2, C) representations. This fact has implications for structure of Lorentz covariant descriptions of free particles and the treatment of space reflections in these representations.
Complex Lorentz transformations
If both A, B ∈ SL(2, C) then for
This means that the pair (A, B) represents a transformation that preserves the proper time, −x 2 = −y 2 with y µ * = y µ i.e. it is a complex Lorentz transformation. If σ 0 is replaced by iσ 0 and σ eµ is defined by
which is (−) the square of the Euclidean length of x µ e . The Euclidean four vector x µ e can also be represented by a 2 × 2 matrix:
which can be inverted using
It follows from (105) that
also preserves the Euclidean distance. This means that
is a complex four-dimensional orthogonal transformation. The result of these observations is that SL(2, C) × SL(2, C) represents both complex Lorentz and complex orthogonal transformations. The transpose is included in (108) so the group multiplication property has the form
where each factor represents matrix multiplication. If both A and B are SU (2) matrices, then (A, B) defines a real four-dimensional orthogonal transformation. To show reality when A and B are SU (2) matrices note that the transformed coordinates are
Taking complex conjugates (for A, B ∈ SU (2))
For SU (2) matrices (100) gives
Using (113) in (112) gives
For real x µ e σ 2 X * e σ 2 = −X e (115) so (114) becomes
This shows that pairs of SU (2) matrices represent real four-dimensional orthogonal transformations. These considerations are relevant for Euclidean representations of relativistic particles.
Rotations and canonical boosts SU (2) rotations have the form
corresponding to a rotation about theθ θ θ axis by θ. The canonical boosts have the important property that the Wigner rotation of a rotation is the rotation. This is shown below. The following notation is used: R represents an SU (2) rotation and R represents the corresponding SO(3) rotation:
This can be written as
or
This property is unique to canonical boosts. The important property is that the Wigner rotation of a rotation is the rotation, independent of p. This means that if a rotation is applied to a many-particle system, where each particle has a different momentum, all of the particles' spins will Wigner rotate the same way -independent of their momenta. This allows them to be coupled with ordinary Clebsch-Gordan coefficients. Adding angular momenta is most easily preformed by transforming all of the spins to canonical spins.
Melosh Rotations
In order to add spins it is necessary to first convert them to canonical spins so they can be added. After adding the spins they can be converted back to their original spin representation. The matrices that transform the spins are generalized Melosh rotations (the original Melosh transformation [16] relates light-front spins to canonical spins).
If a general boost is right multiplied by the inverse of a canonical boost the result is a SU (2) rotation, since it maps zero momentum to zero momentum
This can be expressed in the form
where
while the associated canonical boost is
An important observation is that
independent of x. This is a consequence of the polar decomposition of the SL(2, C) matrices. It will be used to show that Dirac's forms of dynamics are irrelevant in Lorentz and Euclidean covariant representations of relativistic quantum mechanics. The generalized Melosh rotations are used to change the type of spins (y → x):
SL(2, C) representations of light-front boosts:
The light-front is the hyper-plane defined by points satisfying x + = x 0 + x 3 = 0. The kinematic subgroup of the light front is the subgroup of Poincaré group that preserves x + = 0. In SL(2, C) the Lorentz transformations in this subgroup are represented by lower triangular matrices. SL(2, C) representatives of light-front boosts are given by: These lower triangular matrices with real quantities on the diagonal form a group. This is the subgroup of lightfront boosts. The light-front boost subgroup can be expressed in terms of the light-front components of the four momentum and mass as:
These boosts are used to define light front spins. These boost form a subgroup, since lower triangular SL(2, C) matrices with real values on the diagonal form a subgroup. This implies that light-front boosts do not change the light front spin.
SL(2, C) representations of Helicity boosts:
Helicity boosts are defined by
where the rotation
is a rotation about the z ×p axis through an angle θ = cos −1 (z ·p) given by
The associated helicity-spin Wigner rotation is
which is always a rotation about the z axis. Because of this property the Wigner D-function (32) of the Jacob-Wick helicity Wigner rotation is always a phase. The helicity spin and canonical spin are related by
so the z component of the helicity spin is the canonical spin projected in the direction of the momentum. This projection is the better known definition of the Jacob-Wick helicity.
Lorentz Spinors:
The transformation property of a four vector represented by a 2 × 2 Hermitian matrix can be expressed in tensor form as
where repeated matrix indices are assumed to be summed over two values. This looks like a rank two tensor with one index transforming under SL(2, C) and one under the inequivalent complex conjugate representation. This motivates the definition of Lorentz spinors. These are two-component vectors that transform under either of these representations.
The two-component spinors are characterized by their transformation properties
where a sum over repeated spinor indices is assumed. These transformation properties define two different types of two spinors that transform under the regular and complex conjugate representations of SL(2, C). The upper undotted or dotted indices identify the transformation properties. These are referred to as right-and left-handed spinors respectively. The reason for this designation will be discussed later.
It
This leads to the definition of the metric spinor
and lower indexed spinors
The transformation properties of the lower index spinors are
and
The metric spinor, ǫ ab could also be taken to be (σ 2 ) ab . It has the advantage that there are no sign changes on raising and lowering indices, but the disadvantage is that it is not real. Equations (146)- (147) show that the lower undotted and dotted indices have different transformation properties than the corresponding upper indices.
The metric spinor can be used to construct Lorentz invariant scalars by contracting upper and lower indexed spinors of the same type (dotted or undotted)
It follows from the anti-symmetry of ǫ ab that
The tensor product of a 2-spinor with its complex conjugate,
defines a real four vector; since it is Hermitian and the determinant vanishes this defines a light-like four vector. It follows from (148) and (149) that
are both invariant quadratic forms under SL(2, C). These forms are neither positive nor sesquilinear. Thus they cannot be used to construct a positive invariant scalar product. However in terms of the spinor indices it is useful to define the following 4-momentum dependent 2 × 2 Hermitian matrices that transform like products of right and left handed spinors
The matrices (157,158,159,160) are all positive definite (see (93)) if p is a time-like positive energy four vector. They satisfy the following covariance properties
Because they are positive they can be used as kernels of the invariant positive sesquilinear forms:
The following identity is important in what follows,
where P represents a space reflection. The matrices P aȧ /m, P aȧ /m, Pȧ a /m, Pȧ a /m are all SL(2, C) matrices. The SL(2, C) spins can be added like SU (2) spins with SU (2) Clebsch-Gordan coefficients. This is because the SU (2) identities
also hold when R is replaced by a SL(2, C) matrix A. This follows because both sides of these equations are finite degree polynomials in the four components of R which are entire analytic functions of real angles. This means that the left side of these equations are entire functions of three complex angles that vanish when all three angles are real. It follows by analytic continuation that they vanish for complex angles. Thus they hold when R → A for A ∈ SL(2, C). This means that there are higher spin versions of the positive kernels (157-160). In the next section the same method will be used to show that D j µµ ′ [A] is a 2j + 1 dimensional representation of SL(2, C). These relations can be used use to construct 2j + 1 dimensional representations of SL(2, C) that transform under
from the corresponding 2-component j = 1/2 spinors. In these expression the notation using the upper and lower dotted and undotted indices is not used.
V. LORENTZ COVARIANT REPRESENTATIONS
The unitary representation of the Poincaré group for a particle of mass m and spin j has the form (41)
or one of the related forms (49-52).
In what follows the notation for SL(2, C) matrices
is used. The spin x Wigner rotation can be written in either of two equivalent ways
where A and Λ are related by (82). This is becauseR :
is a finite degree polynomial of entire analytic functions of the three components of θ θ θ. It satisfies the group representation property (the matrix indices are suppressed):
for R 1 , R 2 ∈ SU (2). Since the left side is an entire function of all 6 angle variables, (θ θ θ 1 , θ θ θ 2 ), that is 0 for all real variables, by analytic continuation the group representation property holds for complex angles iθ θ θ → z = ρ ρ ρ + iθ θ θ. It follows that D j [A] is a also 2j + 1 dimensional representation of SL(2, C). This means that the Wigner rotation can be factored. There are two possible factorizations that arise because whilẽ R = R, this is not true for the SL(2, C) transformations that are used to define the Wigner rotation. This is due to the inequivalence of the two conjugate representations of SL(2, C). This leads to the following two factorizations of the Wigner rotation
Using these factorizations and the group representation property, (167) can be equivalently written as
This leads to the definition of two types of Lorentz covariant states
These are called right and left handed Lorentz covariant states. For these states equations (174) and (175) have the form
This appears to violate the condition that there are no finite dimensional unitary representations of the Lorentz group. The reason that it does not is because the Hilbert space inner product in this representation has a non-trivial momentum-dependent kernel. To see this it is instructive to write out the inner product of two vectors in these representations. Starting with the Poincaré covariant representation ψ|φ = ψ|(m, j)p, µ x dp x (m, j)p, µ|φ =
Similarly for the left handed covariant representation
Here (127) was used to replace the x-boosts by canonical boosts. The Wigner functions in (180) have the form (suppressing the spin indices)
and in (181)
so they are positive kernels (note that these kernels are Hermitian since
The covariant kernels
are spin j-Wightman functions for right and left handed free spin-j particles. They are 2j + 1 dimensional representations of the positive forms (157) and (160). Because
where P changes the sign of the spatial components of p, the right and left handed representations are related by space reflection. All of these transformations are invertible so starting from any one of them it is possible to return to any standard Poincaré covariant description. As long as space reflection is not needed, these are all equivalent descriptions of a mass m spin j particle.
To understand the role of space reflections note that taking the complex conjugate of
It follows that X and X * transform under inequivalent representations of SL(2, C). The operation X → X * changes the sign of y which is equivalent to a space reflection followed by a rotation by π about theŷ axis. This shows that space reflection maps right handed to left handed representations of the Hilbert space.
In the 2 × 2 matrix representation space reflection is represented by
This operation changes A toÃ := σ 2 A * σ 2 = (A † ) −1 . The problem with space reflections in Lorentz covariant representations is that the kernel of the Hilbert space representation changes, to the kernel for an inequivalent representation, so space reflection cannot be represented in the Hilbert space with the original Lorentz covariant kernel because it will not transform correctly with respect to Lorentz transformations.
The way to remedy this is to use a direct sum, where both kernels appear on the diagonal. Then space reflection can be realized on the direct sum space by changing the sign of p and interchanging the components of the direct sum.
In this case the representation of the Lorentz group is the chiral representation
and the kernel of the Hilbert space inner product is
The operation of space reflection on wave functions in the doubled space becomes
The kernels appearing in (191) arise naturally because they come from the SU (2) equivalence of R andR, however the spin kernel An important observation is that the choice of kinematic variables replacing p and the choice of boost in the spin representation that characterize the Poincaré covariant forms of the dynamics has disappeared in the Lorentz covariant representations. The spins transform under a 2j + 1 dimensional representation of SL(2, C). This means that there are "no forms of dynamics" in Lorentz covariant representations.
Another observation is that in the Lorentz covariant representations the Hilbert space kernels (184) and (185) have a mass dependence, which for free particles defines the dynamics. In a dynamical Lorentz covariant model the kernel of the Hilbert space inner product carries the dynamical content of the theory.
SL(2, C) × SL(2, C) spinors
In order to understand the role played by the spinor degrees of freedom in Euclidean representations of relativistic quantum mechanics it is useful to define SL(2, C) × SL(2, C) spinors.
Let Z := z µ σ µ denote a complex 4 vector represented as a 2 × 2 matrix. Complex Lorentz transformations are given by
where both A and B are SL(2, C) matrices. In this representation complex space reflection, which transforms (z
can be expressed in matrix form as
The transformation properties of Z imply the transformation properties of Z ′ := P Z:
This means the under space reflection the complex spinor transformation properties are replaced by
This suggests defining right and left handed SL(2, C) × SL(2, C) spinors by their transformation properties
These definitions recover the SL(2, C) transformation properties of right and left handed spinors when B = A * . When (A, B) ∈ SU (2) × SU (2) these relations define the transformation properties of right and left handed Euclidean spinors.
The definitions (197) (198) (199) (200) are consistent with the the upper and lower index spinors being related by ǫ ab and ǫ ab :
and the contraction of an upper and lower index spinor of the same type (un-dotted or dotted) being invariant under
are finite degree polynomials in the four components of R ∈ SU (2) and the components of the SU (2) matrices are entire analytic functions of angles. This means that the relations
are entire functions of angles that vanish for all real values of the angles. Since these functions are entire, they hold for all complex angles by analytic continuation. This means that all three relations hold for R ∈ SU (2) → A ∈ SL(2, C). This means that both the group representation property and addition of "spins" extend unchanged to SL(2, C).
VI. EUCLIDEAN COVARIANT REPRESENTATIONS OF RELATIVISTIC QUANTUM MECHANICS
In the same way that Poincaré covariant representations were used to construct equivalent Lorentz covariant representations of any spin, the Lorentz covariant representations can be used to construct equivalent Euclidean covariant representations.
Euclidean formulations of relativistic quantum mechanics are used in path-integral representations, lattice calculations and with Schwinger-Dyson equations.
While the transformation from a Euclidean covariant formalism to a Lorentz covariant formalism normally requires an analytic continuation, a fully relativistic form of quantum mechanics can be formulated without explicit analytic continuation. It requires that the Euclidean analogs of the kernel of the inner product satisfies a condition called reflection positivity [9] [10]. For irreducible representations this condition can be satisfied for any spin.
The Euclidean representation of relativistic quantum mechanics has a Hilbert space inner product that is defined by a kernel that is a Euclidean covariant distribution left multiplied by a Euclidean time reflection. Both the initial and final states have to vanish for negative Euclidean times. The requirement that the resulting quadratic form is non-negative is called reflection positivity.
In order to make contact with the Lorentz covariant representations discussed above consider vectors represented by Euclidean covariant spinor valued functions τ, x, µ|ψ of four Euclidean space-time variables with support for positive Euclidean time. The transformation properties of the spinor degrees of freedom will be discussed in the next section.
In the Euclidean representation of relativistic quantum mechanics of a particle of mass m and spin j the quantum mechanical inner product is defined by
where ω m (p) = p 2 + m 2 is the energy of a particle of mass m and momentum p, and all of the integration variables are Euclidean. The − sign on τ x in the first term represents the Euclidean time reflection discussed above. In the second term the substitution τ x → −τ x was made. This, along with the Euclidean time support condition of the wave functions, ensures that τ x + τ y in the exponent of the second term is positive.
To evaluate the p 0 integral, the p 0 's appearing in D 
where p m = (ω m (p), p) and
The resulting kernel dp
is exactly the Lorentz covariant measure appearing in (180) . It follows that the Euclidean covariant distribution
is reflection positive because D 
which changes the sign of the space components of σ eµ . In this case
where dp
which is the Lorentz covariant kernel (181) for left handed spinors. The positivity of the matrix
is also reflection positive. By defining p, ν|χ := e −ωm(p)τy−ip·y τ y , y, ν|ψ d 4 y (214) the norms can be expressed in the form ψ|ψ = χ|p, µ dp
and ψ|ψ = χ|p, µ dp
for the right and left handed representations respectively. These expressions have the same form as the Lorentz covariant (180) inner products with respect to the functions, p, ν|χ , up to a multiplicative constant. As in the Lorentz covariant case, in the Euclidean case the Euclidean covariant kernels are different for the rightand left-handed representations:
Relativistic invariance in the Euclidean case is a consequence of the identities relating the Euclidean covariant inner product to the Lorentz covariant inner product and the Poincaré covariant inner product.
The relativistic transformation properties in the Euclidean representation can be understood from the observation that the complex orthogonal and complex Lorentz transformations have the same covering group, SL(2, C)×SL(2, C). This means that the group of real Euclidean transformations can be identified with a subgroup of the complex Lorentz group. The real Euclidean group is a 10 parameter group. Each generator can be thought of generating a oneparameter subgroup of complex Poincaré transformations. This leads to a relation between the generators of real Euclidean transformations and real Poincaré transformations that can be realized in the Euclidean framework.
This 
where (A, B) = (A, A * ) for A ∈ SU (2). Euclidean rotations in space-Euclidean-time planes can be represented by
where (A, B) = (A, A t ) for A ∈ SU (2), while rotationless Lorentz boosts can be represented by a transformation of the same form,
where (A, B) = (A, A t ) and A = A † . For a given SU (2) × SU (2) transformations (A, B) there are four types of Euclidean spinor wave functions that are identified by their spinor transformation properties
In equations (227-230) the bra-ket notation is not used in order to differentiate the different types of spinor wave functions. The first two are right-handed wave functions; the last two are left handed.
Representations of the Lorentz generators on each of these spinor wave functions are obtained by first constructing the finite transformations in (227-230) using
for rotations about then axis and
for rotations in then − τ plane. Representations for the generator of ordinary rotations about then axis are obtained by using (A, B) = (A(λ), B(λ)) r in each of (227-230), differentiating with respect to λ, setting λ to 0 and multiplying the result by −i.
Representations for the generator of rotationless boosts in then direction are obtained by using (A, B) = (A(λ), B(λ)) b in each of (227-230), differentiating each of (227-230) with respect to λ, setting λ to 0 and multiplying the result by −1.
The Hamiltonian and linear momentum operators in the Euclidean representation are obtained by Fourier transforming each of (227-230) followed by
The resulting operators satisfy the Poincaré commutation relations and are Hermitian when they are used in the inner product (205). As in the Lorentz covariant case, the dynamics enters through the Euclidean kernel, which has all of the dynamics (mass dependence).
VII. LORENTZ COVARIANT FIELDS
Covariant fields are useful for treating systems of many identical particles. In many-body quantum mechanics fields are associated with the occupation number representation. They are constructed from a single-particle basis {|n }, and operators, a † n , that add and, a n , that remove a particle in the n-th single-particle state. In this section the same methods are used to develop Lorentz covariant fields for systems of non-interacting particles of any spin. Locality of the fields is not assumed. Local fields will be discussed in the next section.
Given a single-particle basis, fields are operators defined by
The field is independent of the choice of single-particle basis. In a plane-wave basis equations (234) become Ψ(x) := dp x|p a(p)
The time dependence is determined by solving the Heisenberg equations of motion
If H is the free Hamiltonian the solution of the Heisenberg equations is Ψ(x, t) := dp x|p e −iE(p)t a(p)
where E(p) is the energy of a particle with momentum p. The vector |0 , represents the no particle state. It is defined by the conditions a n |0 = 0 ∀n 0|0 = 1.
The creation and annihilation operators satisfy the commutation (anti-commutation) relations
depending on whether the particles are Bosons or Fermions. Free Lorentz covariant fields that transform under a finite-dimensional representation of SL(2, C) can be constructed using the same method. In this case the plane wave states x|p are replaced by Lorentz covariant plane wave states, and measure is replaced by the Lorentz invariant measure.
Because the Lorentz covariant states can transform under right or left-handed representations of SL(2, C), the corresponding covariant fields will also have a handedness.
In this section right and left handed spin-j fields are constructed with the following Poincaré covariance properties:
where A and Λ are related by (69). The starting point is to define creation and annihilation operators that transform like single-particle irreducible states. These create or destroy particles with a momentum p and a magnetic quantum number associated with the x-type of spin, as discussed in section 3.
The creation operators are assumed to have the following transformation properties
The two expressions above are identical because
The transformation properties of the creation operator (242) is the same as the transformation properties a particle (41), except the sign of the phase is reversed because the time dependence of the operator is given by the Heisenberg equations of motion. The corresponding transformation properties for the annihilation operators can be obtained by taking the adjoint of (242):
Local fields are linear combinations of fields with creation and annihilation operators that have the same covariance properties. The normal convention is to have the SL(2, C) representation matrices to the left of the creation and annihilation operators as in (240) and (241).
This can be realized in (242) by using the SU (2) identity (100)
in the Wigner rotation
which gives
the corresponding property of the Wigner functions (note the reversal µ ↔ ν of the spin indices). Using this identity in (242) gives
Space reflection changes with sign of the space component of x and interchanges the right and left handed components
By analogy with the Dirac equation it is to useful to define
In this notation equations (273) and (276) can be written as
where the − sign is a convention. With this convention
In order to construct the Dirac field using matrix multiplication it is useful to define the 4 × 2 matrix
The Dirac field is a linear combination of the form (133-134):
Ψ α (x) = dp ω m (p) e ip·x S(B x (p/m)) cd u dµ a x (p, µ) + e −p·x (γ 5 S(B x (p/m)) cc u cν σ 2νµ b †
The γ 5 commutes with S(B x (p/m)), and anti-commutes with γ µ . While it changes the sign on the lower two components, it is consistent with the freedom to choose the sign of α and β in the locality constraint (289) and (290). 
are Dirac spinors. Note that both the spinors and creation and annihilation operators depend on the choice of boost, B x (p/m), but the field itself is independent of this choice.
IX. SUMMARY
Relativistically invariant treatments of quantum mechanics are needed to understand physics on distance scales that are small compared to the Compton wavelength of the relevant particles. Of particular importance is the need to consistently calculate matrix elements of hadronic currents when the initial and final hadronic states are in different Lorentz frames.
Relativistic invariance in quantum mechanics means that measurements of quantum observables -probabilities, expectation values and ensemble averages cannot be used to distinguish inertial coordinate systems. This is equivalent to the requirement that equivalent operators and states in different inertial coordinate systems are related by a unitary ray representation of the Poincaré group on the Hilbert space of the quantum theory. Unitary representations of the Poincaré group can always be decomposed into direct integrals of irreducible representations. This step is the relativistic analog of diagonalizing the Hamiltonian in non-relativistic quantum theory. The structure of the invariant mass m spin j irreducible subspaces are fixed by group theory. Different treatments of relativistic quantum theory use different ways of representing these elementary building blocks of the theory. Since each representation has is own advantages, it is important to know precisely how different representations are related.
In this work mass m spin j irreducible representations of the Poincaré group were constructed using a basis of simultaneous eigenstates of independent commuting functions of the Poincaré generators. The relevant Hilbert space was the space of square integrable functions of the eigenvalues of these operators. The eigenvalue spectrum of these commuting observables is fixed by properties of the Poincaré group. The transformation properties of the Poincaré generators led to an explicit unitary representation of the Poincaré group on this representation of the Hilbert space. Different choices of the commuting observables lead to different representations that are related by unitary transformations.
Factoring the Wigner rotations that appear in these irreducible representations into products of Lorentz SL(2, C) transformations, and using group representation properties of SL(2, C), led to equivalent Lorentz covariant representations, where the states transform under finite dimensional representations of SL(2, C). In these representations the Hilbert space inner product has a non-trivial kernel, which was shown to be, up to normalization, the two-point Wightman function of a free quantum field theory. These Lorentz covariant representations where then shown to be derivable from a representation of the Hilbert with a Euclidean covariant kernel and a Euclidean time reflection on the final states. In this representation of the Hilbert space inner product involves an integral over Euclidean variables; it does not require analytic continuation.
Finally covariant fields are constructed from the Lorenz covariant wave functions. These fields have the property that the vacuum expectation value of products of two fields recover the free field Wightman functions that appear in the kernel of the Lorentz covariant representations.
While the Lorentz covariant, Euclidean covariant, and field representations were constructed starting with irreducible representations of the Poincaré group, the process could easily be reversed by factoring the Wightman functions.
While these relations indicate how the many different representations that are used in applications are related, there is no discussion of how to treat the dynamics. This can be very different in each representation. The resulting wave functions can be Poincaré covariant, Lorentz covariant, of Euclidean covariant. This work is limited to understanding the relation between the different irreducible representations of the Hilbert space.
Another class of objects that are used in calculations of strongly interacting systems are quasipotential methods. Quasipotential wave functions were not explicitly discussed because they are not not quantum probability amplitudes, but they are matrix elements of products of covariant fields applied to the vacuum with Poincaré covariant states. Their transformation properties follow from the transformation properties of the fields and Poincaré covariant states.
